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Blood flow simulations in the cerebral venous network
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SUMMARY

The present work aims at carrying out a model of blood flow in the cerebral venous network
visible by medical imaging. Once the 3D reconstruction from MRA data is obtained, a suitable
computational mesh is constructed. The flow of an incompressible Newtonian blood in rigid veins
is then computed using adequate values of the flow governing parameters and boundary conditions,
demonstrating that the whole chain is achievable.
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1 INTRODUCTION

This work is part of the VIVABRAIN project 1, whose final purpose is to compute virtual cerebral
angiography images. We aim at reconstructing the total arterial and/or venous cerebral network
from medical images, transforming the vascular model obtained in a computational mesh and
computing the blood flow in the entire network. The final step asks for simulating the physical
mechanisms of acquisition of the images to compute virtual angiographies (see also [1] for a
similar approach). We focus in the present article on the simulation of cerebral venous blood flow.

The cerebral vasculature is a complex network, whose role is to maintain a stable perfusion of
blood in the brain. The arterial cerebral vasculature is characterized by a relatively stable anatomic
pattern (see [2], [3]) and several works have been devoted in the current literature to the modeling
and simulation of blood flow in arteries (see, for instance [4] and the references therein). However,
there is still a lack of work in blood flow simulation in veins, as their bio-mechanical behavior is
still not fully understood. Several difficulties are to be considered: the asymmetric and consid-
erably more various pattern of the venous network compared to the arterial one [3], the highly
individual variations of the venous outflow [2].

The anatomical description of the venous system of the brain mainly represents the central venous
system and the extracranial draining pathways (see Fig. 1). The central venous system is consti-
tuted of dural sinuses and of cerebral veins. The venous outflow from the superior sagittal sinus
and deep cerebral veins is then directed via the confluence of sinuses toward the lateral sinuses
and the jugular veins (see [3] and the references therein).

1http://vivabrain.fr. The research leading to these results has received funding from the French Agence Nationale de
la Recherche (Grant Agreement ANR-12-MONU-0010).
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Figure 1: Cerebral venous network.
1, internal jugular veins. 2, vein of Galen.
3, straight sinus. 4, confluence of sinuses.
5, lateral sinus (transverse portion). 6, lat-
eral sinus (sigmoid portion). 7, superior
sagittal sinus. 8, internal cerebral vein. 9,
basilar vein. 10, superior cerebral veins.
11, superior anastomotic veins.

2 DESCRIPTION OF THE METHODOLOGY

Bio-mechanical modeling In this part, we focus on deriving an appropriate model for flow in
large and medium-sized cerebral veins. We start by adopting the following standard assumptions:
(i) the blood density is constant; (ii) the flow is assumed to be incompressible and isothermal; (iii)
the Newtonian model is used for blood flow. The latter assumption, which consists in neglecting
shear thinning and viscoelastic effects, is suitable in large and medium-sized vessels [4], [5], as
those considered in the present work. It should be noted that recent available results [6] assessing
the sensitivity of hemodynamic simulations of cerebral aneurysms with respect to blood rheology
observed differences in solutions of the order of 5% with respect to the rheological model.

Another important issue is the relevance of using either a complex fluid-structure interaction model
(which is a particularly challenging task from the numerical point of view) or a fluid model (hence
neglected the interaction with the vessel wall). In adults, the cranium is considered as a rigid
closed box, and the brain tissue and cerebrospinal fluid contain mainly water, hence constitute an
incompressible tissue. Thus, the cerebral venous network (major sinuses and intracerebral veins) is
quite constrained in the brain, and we suppose in the present work (at least as a first step) that vessel
walls are rigid. Nevertheless, future investigations are needed in this direction, especially when
taking into account jugular veins, since recent studies show that the extracranial compartment of
the venous drainage system has a higher elasticity than the intracranial one (see [2]).

Let us consider the Navier-Stokes equations for modeling the blood flow dynamics that read as
follows :






ρ(∂tu + (u ·∇)u)− µ∆u +∇p = f in Ω× [0, T ]
div u = 0 in Ω× [0, T ]
u|t=0 = u0 in Ω

(1)

where u = (u1, u2, u3) is the fluid velocity, p its pressure, ρ the density of the fluid, µ its viscosity,
f is an applied body force and u0 an initial velocity field. System (1) needs to be completed with
suitable boundary conditions that will be discussed in the sequel. After having chosen proper
characteristic scales and obtained the dimensionless Navier-Stokes equations, using values from
[2], we compute governing parameters (Reynold, Stokes and Strouhal numbers) corresponding to
blood flow in the jugular veins and the superior sagittal sinus. We then deduce that an appropriate
model for computing venous blood flow is either the steady or unsteady Navier-Stokes equations
according to the predominant force type taken into account (either convective inertial forces or
viscous ones).

We also need to prescribe the initial status of the fluid velocity, u0. We recall that u0 can not be
arbitrary, since it has to be divergence-free to be admissible. Moreover, in hemodynamic compu-
tations usually u0 is unknown, hence chosen equal to the solution of a steady Stokes problem (see
the last section of this article).
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Concerning boundary conditions, we prescribe a steady profile (constant velocity of small mag-
nitude) at the inflow, since blood comes from the microcirculation (modeled by a quasi-steady /
steady Stokes flow). Then, as we have assumed the walls to be rigid, the no-slip condition is im-
posed on the wall boundary. Finally, for the outflow boundary conditions should take into account
the position (see [7]). To mimic the supine position we have chosen the free traction boundary
condition (better than p = 0, but takes into account the fact that we are not far from the atrium,
where p ≡ 0). and or the upright position, we use a 0D resistive model (since it seems that blood
flows through small vessels and not through the jugular vein, as in the previous case, [2]).

Computational mesh We describe here how the cerebral network is reconstructed from MRA im-
ages acquired by our collaborators (IMIS team, ICube, Strasbourg University). By segmentation
techniques and discrete image analysis, a vascular model is obtained (see Fig. 2, left panel) consti-
tuted of blocks of voxels representing the vessels [8] (voxels = volume elements). These models al-
low to obtain a surface mesh which has to be pre-processed in order to obtain the three-dimensional
mesh suitable for computation. For example, we need to label the inlets and outlets to be able to
impose the necessary boundary conditions for the mathematical model. This step, from vascular
models to computational meshes, is realized by an in-house code, called ”Cutmesh” developed by
one of our collaborators O. Génevaux (Strasbourg University) and some open source softwares as
[10] to smooth the surface triangulation. Then, the three-dimensional mesh is achieved by a soft-
ware tetrahedral generator (see Fig. 2, middle panel, for the entire mesh and Fig. 2, right panel,
for a zoom of a part of this image, which shows the mesh in detail).

Figure 2: One example of a vascular model (left), of the 3D corresponding tetrahedral mesh of
237438 elements (middle), magnified view of the mesh (right).

3 NUMERICAL EXPERIMENTS AND OUTLOOK

In this section, we present blood flow computations performed using a code based on the finite
element library FreeFem++2. We first verify with an analytical solution of the 3D steady Stokes
problem proposed in [11] that we obtain the theoretically predicted convergence rates. We test
the prescribed solution in the cube [0, 1]3 with mixed boundary conditions on the velocity. More
precisely, let Ω ⊂ R3 be the bounded domain and Γ its boundary and [0, T ] a finite time interval.
Suppose that Γ consists of two measurable parts ΓD, where Dirichlet boundary conditions are
imposed, and ΓN , where Neumann boundary conditions are prescribed. Let also n be the unit
outward normal vector to Ω on its boundary Γ. As previously derived in the first section, we
consider the Navier-Stokes problem (1) with the following mixed boundary conditions:

�
u = ub on ΓD × [0, T ],

ν
∂u
∂n
− pn = g on ΓN × [0, T ].

(2)

2http://www.freefem.org
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Figure 3: Pressure and streamlines on the venous network mesh.

Using P2 − P1 finite elements for the velocity-pressure discretisation, the L
2 errors slopes (about

3.45 for the velocity and 1.99 for the pressure) correspond to the theory (3 for the velocity and 2
for the pressure). The slope of the velocity H

1 error, about 2.36, is also in accordance with the
second-order convergence expected.

We present the results of the first computations on the realistic mesh performed with FreeFem++
installed on CLOVIS (Computing center of the Region Champagne-Ardenne3). These preliminary
calculations, steady Stokes problem with P2 − P1 finite elements, are important as the first step
(the initial guess) for initializing the unsteady problem. We impose a constant flow at the 29 inlets
and the last 2 branches are considered outlets (Fig. 3); fluid in the middle artery comes mostly
for the right branch, confirming the possible asymmetric pattern of venous blood flow. Moreover,
the simulation demonstrates that the whole chain we propose, from images to computation is
achievable. Ongoing work includes the study of the effects of posture and gravity, with direct
consequences on the choice of boundary conditions, in order to obtain more realistic results.
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